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Finite Time Stability Approach to Proportional
Navigation Systems Analysis

Pini Gur� l,¤ Mario Jodorkovsky,† and Moshe Guelman‡

Technion—Israel Institute of Technology, 32000 Haifa, Israel

The � nite time stability of proportional navigation guidance systems is considered. Assuming planar geometry
and linear missile dynamics, a proportional navigation missile–target guidance model is � rst formulated. The
model exhibits a feedback con� guration consisting of a linear time-invariant element and a time-varying gain. The
de� nition of � nite time global absolute stability is then presented. It is shown that by employing the circle criterion,
the � nite time stability of the guidance dynamics can be analyzed. An analytic bound for the time of � ight up to
which stability can be assured is established. The bound depends on the system parameters and the time of � ight.
Less conservative results, as compared to previous works, are obtained. This approach enables not only analysis
of the system behavior for given missile dynamics, but more importantly, enables generation of a tool for system
design. Illustrative examples are presented showing the effect of the system parameters on the bound. In addition,
some design implications, such as the relation to miss distance, are outlined.

Nomenclature
A = system matrix
a = lateral acceleration
B = system matrix
N = proportionalnavigation constant
N 0 = effective proportional navigation constant
R = missile–target line of sight
t f = � ight time (� nite time)
V = velocity
VC = closing velocity
° = path angle
³ = damping ratio
¸ = line-of-sightangle
¾ = system output
¿ = time to go
¿1 = missile time constant
! = frequency
!n = natural frequency

Subscripts

c = commanded value
f = � nal value
M = missile
m = measured value
T = target
0 = initial value

Superscript

¢ = time differentiation

I. Introduction

P ROPORTIONAL navigation (PN) is a commonly used method
for missile guidance. A vast amount of literature exists on the

subject (see, e.g., Ref. 1, and the references therein). Solutions of
PN2;3 indicate that for the case of ideal dynamics, i.e., no delays
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exist between the line-of-sight (LOS) rate and the applied acceler-
ation, the LOS rate is a decreasing function of time converging to
zero at the pursuit end. When actual dynamics are considered, it
is known that PN guidance (PNG) tends to diverge at the vicinity
of the interception,4¡7 i.e., the LOS rate diverges and, correspond-
ingly, the required missile maneuver acceleration. This divergence
may severely affect the miss distance. As such, it should constitute
a major issue in missile design.

Many works have been conductedon the subject of miss distance
analysis.3 Missile guidance is a nonlinear control problem de� ned
over a � nite time interval. To apply known techniques of analysis
the system equations are linearized.This linearizationis valid close
to the interception, when the missile reaches the so-called colli-
sion course. Effectively, close to pursuit end it was shown that the
closing velocity approaches a constant value and the range can be
approximatedby a linear functionof time.2;3 Under this approxima-
tion, the system equations become linear and time varying. Using
the linear time-varying equations, known techniques such as the
adjoint method3;8 were applied to perform miss distance analysis.
The adjoint technique is based on the system impulse response and
can be used to analyze miss distance by numerical integration in
reverse time. In general, however, low-order simpli� ed dynamics
have been utilized, both for maneuvering and nonmaneuvering tar-
gets. Less attention has been paid to the interceptionphase stability
problem taking into account more realistic models.

In a recent work,5 the Kalman–Yakubovitch–Popov lemma was
employed to investigate the � nite time (absolute) stability of PNG
systems. The underlying assumption in the work is that there is a
strong connectionbetween PNG system stability and miss distance.
Although this assumption has not been analytically proven, its va-
lidity has been legitimized by empirical experience. In Ref. 5, an
analytical expression relating the time up to which stability can be
assured and the missile’s parameters were developed. The analyti-
cal expression provides guidelines on how to attain larger times of
stability by suitable system design. This approach enables not only
the analysis of the system behavior for given missile dynamics, but
more importantly, enables generation of a tool for system design.

This paperexpandsthe resultsofRef. 5. A linearizedtime-varying
model of the guidance system is � rst obtained. An illustrative ex-
ample shows its resemblance to the nonlinear model. Then, using
the well-known circle criterion,9¡12 the � nite time stability prop-
erties of PNG are investigated. Using this criterion, time-varying
sectors of arbitrary size may be de� ned. This allows the formula-
tion of suf� cient conditions for stability for arbitrary � ight times,
thus improving the results in Ref. 5, where only the case of large
� ight times was considered.As the case of arbitrary � ight times ren-
ders less conservativeresults, better bounds for the time of stability
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are obtained. Moreover, the stability of the frozen time system is
also imposed by the circle criterion. As this condition usually turns
out to be much less conservative than others, it can be used as an
indicationof the limiting capabilitiesto attain long times of stability
by autopilot design. We further show that the � nite time absolute
stability analysis can be employed to the design of autopilots that
minimize the miss distance.

The paper is organized as follows: Section II presents the mathe-
maticalmodeling used to analyzePNG systems. Section III outlines
the circle criterion and introduces the concepts of absolute stability
and � nite time absolute stability. Section IV deals with � nite time
global absolute stability of PNG systems. In Sec. V some illustra-
tive examples are considered, and in Sec. VI concluding remarks
are given.

II. Mathematical Modeling
The general formulation of a three-dimensionalPN interception

problem is rather complicated. However, assuming that the lateral
and longitudinal maneuver planes are decoupled by means of roll
control, one can deal with the equivalent two-dimensionalproblem
in quite a realisticmanner.We shall furtherassumethat the geometry
is two-dimensional. In addition to this basic assumption, we shall
also assume that the gravitational component of the total missile
lateral acceleration is negligible.

The preceding assumptions enable us to formulate a general
planer intercept missile–target geometry as shown in Fig. 1. The
� gure describes a missile employing PN to intercept a maneuver-
ing target. It could be either true proportional navigation (TPN),
where the maneuver acceleration is perpendicular to the instanta-
neous LOS, or pure proportional navigation (PPN), where the ma-
neuver acceleration is perpendicular to the instantaneous velocity
vector. In both cases the mathematical treatment is similar. It only
dependson how the effectivePN constant is de� ned, as we shall see
subsequently.

The kinematic equationsof motion modeling the geometry given
in Fig. 1 are

PR D VT cos.¸ ¡ °T / ¡ VM cos ±

R P̧ D VT sin.¸ ¡ °T / ¡ VM sin ±; ± D °M ¡ ¸
(1)

Under the assumptions that the deviationsfrom collision course are
small and the closing velocity VC is constant, we can write

PR D VT cos.¸ ¡ °T / ¡ VM cos±
1D ¡VC ¼ const (2)

R D VC ¢ ¿ (3)

where ¿ is the time to go, given by

¿ D t f ¡ t ; t f D R0=VC (4)

The commanded missile acceleration generated by the PN control
law is

aC D N 0VC
P̧

m (5)

Fig. 1 Planar intercept geometry.

Fig. 2 Representation of a PNG loop.

where P̧
m is the measured LOS rate and N 0 is the effective PN

constant given by

N 0 D
N VM cos ±=VC for PPN

N VM =VC for TPN
(6)

The seeker dynamics is modeled by the transfer function G1.s/

G1.s/ D
P̧

m .s/

P̧ .s/
(7)

The missile’s � ight control dynamics is described by the transfer
function G2.s/

G2.s/ D
aM .s/

ac.s/
(8)

From Eqs. (5), (7), and (8) theoverallclosed-loopdynamicsbetween
the LOS rate and the actual missile acceleration is described by the
transfer function

QG.s/ D N 0VC G1.s/G2.s/ D N 0VC G.s/ (9)

It is assumed that G.s/ D G1.s/ ¢ G2.s/ is asymptotically stable.
The general equation describing the missle acceleration normal

to the LOS (see Fig. 1) includes the angular acceleration and the
Coriolis effect. From basic kinematics, this equation is

R Ŗ C 2 PR P̧ D ¡aM C aT (10)

Now, substituting Eqs. (3), (5), and (9) into Eq. (10) gives

¿ Ŗ .t/ ¡ 2P̧ .t/ D ¡N 0G.s/P̧ .t/ C aT =VC (11)

where the usual notation has been adopted.
From Eq. (11) we can express the LOS acceleration as

Ŗ .t/ D .1=¿ /f[2 ¡ N 0G.s/] ¢ P̧ .t/ C aT =VC g (12)

The stability of the linearized two-dimensional PN system can be
analyzed by manipulating Eq. (12) to obtain a closed-loop system
representation consisting of a linear time-invariant (LTI) element
in the forward path and a time-varying gain in the feedback. The
closed-loop system is shown in Fig. 2. In Fig. 2, it is implicitly
assumed that aT D 0. This assumption shall be referred to later in
the study. The LTI portion is H .s/. Notice that the feedback is the
kinematic gain 1=¿ . The output of the system is ¾ , where

¾ .t/ D [N 0G.s/ ¡ 2] ¢ P̧ .t/ (13)

It is already possible to state that, because the loop gain 1=¿ in-
creases monotonically with time, at a certain time before intercep-
tion (frozen time) instabilitywill occur. In the next section,this issue
will be discussed.
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Fig. 3 System under investigation.

III. Absolute Stability, Finite Time Absolute Stability,
and the Circle Criterion

Consider the feedback con� guration of Fig. 3. Figure 3 shows a
zero input control loop containing an LTI transfer function in the
forward path and a single, nonnegativenonlinear time-varying gain
in the feedback. By a suitable selection of the state vector13 the
governing differential equations can be expressed in the form

d

dt
x.t/ D Ax.t/ C f .x; t/Bx.t/ (14)

The n £ n matrix A is of lower companion form, and the n £ n
matrix B has rank one:

A D

&

6666$

0 1 ¢ ¢ ¢ 0

¢ 0 ¢
¢ ¢ ¢
¢ ¢ ¢
0 0 ¢ ¢ ¢ 1

¡an ¡an ¡ 1 ¢ ¢ ¢ ¡a1

’

7777%

(15)

B D

&

6666$

0 0 ¢ ¢ ¢ 0
¢ ¢ ¢
¢ ¢ ¢
¢ ¢ ¢
0 0 ¢ ¢ ¢ 0

¡bn ¡ 1 ¡bn ¡ 2 ¢ ¢ ¢ ¡b0

’

7777%

The real constants ai , i D 1; 2; : : : ; n and b j , j D 0; 1; : : : ; n ¡ 1,
are the coef� cients of the polynomials

q.s/ D b0s
n ¡ 1 C b1sn ¡ 2 C ¢ ¢ ¢ C bn ¡ 1

(16)
p.s/ D sn C a1s

n ¡ 1 C ¢ ¢ ¢ C an

The stability information obtained from the circle criterion applies
to the class of functions f .¢/ constrained in the interval [®; ¯], i.e.,

0 · ® · f .x; t/ · ¯ < 1; 8x 2 <n ; 8t ¸ t0 (17)

The class of differential systems given by Eqs. (14) and (17) shall
be denoted D®;¯ .

Now consider the following de� nition.
De� nition 1: System (14) is globallyabsolutelystable (asymptot-

ically stable) if there exists P > 0 such that kx.t/kP
1D x T .t/P x.t/

is a nonincreasing (decreasing) function of time 8x.t0/, 8t ¸ t0 .
Regarding Fig. 3, it is assumed that 1) H .s/ D q.s/=p.s/, p.s/

and q.s/ are coprimepolynomials, p.s/ is monic and H .s/ is stricly
proper, i.e., deg[p.s/] > deg[q.s/] and 2) the gain f .¢/ is an opera-
tor f .x; t/: <n £ J ! <C, J

1D [t0; 1/, which is a function of the
time and perhaps some state variables. It is also smooth enough to
guaranteetheexistenceanduniquenessof a solutionto thegoverning
differential equations for any initial conditions.

Under these assumptions the following theoremgives suf� ciency
conditions for global absolute stability (GAS) and global absolute
asymptotic stability (GAAS).

Theorem 1 (circle criterion9;10):
1)Every differentialsystemin class D®;¯ is GAS if a) p.s/Ckq.s/

has no zeros in the right half-plane Re[s] > 0 for any k 2 [®; ¯],
and its imaginary axis Re[s] D 0 zeros are simple; and b)

Ref[p.¡ j!/ C ®q.¡ j!/] ¢ [p. j!/ C ¯q. j!/]g ¸ 0; 8! 2 <

2) Everydifferentialsystemin class D®;¯ is GAAS if a) p.s/C®q.s/
has all of its zeros in the left half-plane Re[s] < 0; and b)

Ref[p.¡ j!/ C ®q.¡ j!/] ¢ [p. j!/ C ¯q. j!/]g ¸ 0; 8! 2 <

The circle criterion is well known. Theorem 1 may be used in
the context of input–output ( L2) stability11 or internal Lyapunov
stability.9;10;14 It can be proved in several ways, e.g., by using
quadratic Lyapunov functions.9

Remark: In the preceding formulation of the circle criterion, a
zero input system was assumed. However, Theorem 1 holds also in
the bounded-inputbounded-outputsense.11 This is true because the
circle criterion provides suf� ciency conditionsnot only for asymp-
totic stability but, moreover, for exponential stability.11;12 Thus, al-
though we implicitly assumed that aT D 0 to obtain the canonical
form shown in Fig. 2, this was done mainly to obtain a more useful
representation.No loss of generalityoccurswhen assumingaT D 0.

Now, let Jt be the time interval [t0; t ]. Consider the function
f .x; t/ D 1=.t f ¡ t/, t 2 Jt f

1D [t0; t f ]. For this case,where the time
is de� ned over a � nite interval, we may de� ne the following.

De�nition2 (Ref. 5): System(12) is � nite time globallyabsolutely
stable (asymptotically stable) in the interval Jt ¤ D [t0; t¤] µ Jt f if
there exists P > 0 such that kx.t/kP is a nonincreasing(decreasing)
function of time 8x.t0/, 8t 2 Jt¤ .

In the next section, the � nite time global absolute stability
(FTGAS) of PNG systems is investigated.

IV. FTGAS of PNG Systems
The reader may have noticed by now that the formulation of the

circle criterion discussed in Sec. III and the mathematicalmodeling
of the PNG system presentedare in close relation.To investigatethe
FTGAS properties of the PNG system we � rst notice that the LTI
portion of the system is given by

H .s/ D q.s/=p.s/ D .1=s/[N 0G.s/ ¡ 2] (18)

and that the nonlinear element f .x; t/ is the linear time-varying
kinematic gain 1=¿ (recall that ¿ is the time to go de� ned as ¿ D
t f ¡ t ).

We now consider the interval

0 · ® D 1=t f · 1=¿ · 1=¿ ¤ D ¯ (19)

where ¿ ¤ D 1=¯ is the shortest time to go for which the guidance
loop of Fig. 2 is stable in the senseof De� nition2, i.e., ¿ ¤ providesa
lower bound for the time to go for which guidancedivergencemight
occur.The calculationof this bound provides important information
for the analysis of PNG systems, as will be elaborated on later. We
shall now apply the conditions of Theorem 1 to the PNG system
described in Fig. 2 and Eqs. (18) and (19). First, it is necessary to
show that q.s/ and p.s/ are coprime. This will be done by means
of the following lemma:

Lemma 1: Assume G.s/ D n.s/=d.s/ with n.s/ and d.s/ co-
prime and G.0/ D 1. De� ne as in Eq. (18) H .s/ D q.s/=p.s/ D
.1=s/[N 0G.s/ ¡ 2]. Then, if N 0 6D 2, p.s/ and q.s/ are coprime.

Proof: See Appendix A.
We shall now examine the immediate consequences that result

from conditions 1a and 2a of Theorem 1. In fact, the conditions
state that the frozen time .t D const/ closed-loop system should
be stable (asymptotically stable) at all times in the interval Jt¤ ;
i.e., one should examine whether or not the system matrix A C kB
is Hurwitz (strictly Hurwitz) at each frozen time point t D 1=k,
k 2 [®; ¯] D [1=t f ; 1=.t f ¡ t¤/]. Now, consider the characteristic
equationof the closed-loopsystem shown in Fig. 3, where the time-
varying gain is frozen at a value k 2 [®; ¯]

1 C kH .s/ D 1 C .k=s/[N 0G.s/ ¡ 2] D 0 (20)

or

s C k[N 0G.s/ ¡ 2] D 0 (21)
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Because G.0/ D 1, the characteristic equation (21) can be written
as

r.s/ C k[N 0 ¡ 2] D 0 (22)

Where the polynomial r.s/ has no free terms, i.e., r .0/ D 0. From
Eq. (22) it is seen that for conditions1a or 2a of Theorem 1 to hold,
it is necessary that

N 0 > 2 (23)

Condition (23) is well known for PN, but the treatment used here to
establish it is novel.

For the examination of conditions 1b and 2b of Theorem 1, we
� rst notice for ! D 0 that p.0/ D 0. Also, because ®, ¯ ¸ 0, these
conditions reduce to the condition ®¯j®.0/j2 ¸ 0, which is trivially
satis� ed. Now, suppose ! 6D 0. Because G.s/ is asymptotically sta-
ble, p. j!/ 6D 0 8! 6D 0 and conditions 1b and 2b can be written
as

Re jp. j!/j2 1 C ®
q.¡ j!/

p.¡ j!/
C ¯

q. j!/

p. j!/

C ®¯
q.¡ j!/

p.¡ j!/
¢

q. j!/

p. j!/
¸ 0; 8! 6D 0 (24)

where ® D 1=t f .
Equivalently, we write Eq. (24) as

Re[1 C ®H .¡ j!/ C ¯ H . j!/ C ®¯jH . j!/j2] ¸ 0; 8! 6D 0
(25)

Now, suppose that there exists an !¤ 6D 0 such that Re[1C
®H . j!¤/] D 0. In this case, and because ¯ 6D 0, Eq. (25) reduces
to

Re[H . j!¤/ C ®jH . j!¤/j2] ¸ 0 (26)

or

®2jH . j!¤/j2 ¸ 1 (27)

Substituting the equality Re[H . j!/] D ¡1=® into Eq. (27)
yields the condition ¡.1=®/ C ®Re2[H . j!/] C ®Im2[H . j!/] D
®Im2[H . j!/] ¸ 0, which is alwayssatis� ed.Consequently,we shall
de� ne

Ä¤
® D f!¤ : 1 C ® Re [H . j!¤/] D 0 or !¤ D 0g (28)

and consider only frequencies ! 2 Ä® D < ¡ Ä¤
® .

Lemma 2: If the PNG system is frozen time closed-loop stable
(asymptoticallystable) in some interval Jt , then 1C®Re[H . j!/] ¸
0 8! 2 Ä® .

Proof: If conditions 1a or 2a hold, the polynomial p.s/ C ®q.s/
is Hurwitz. Because H . j!/ D q. j!/=p. j!/ then by the Nyquist
stability theorem Re[H . j!/] ¸ ¡1=® 8! 2 Ä® .

Next, using Lemma 2, we manipulate Eq. (25) to obtain

Re[H . j!/] C ®jH . j!/j2

1 C ®Re[H . j!/]
¸ ¡

1

¯
; 8! 2 Ä® (29)

which can be written in the form

N 0Re[G. j!/=j!] C ®jH . j!/j2

1 C ®N 0Re[G. j!/=j!]
¸ ¡ 1

¯
; 8! 2 Ä® (30)

By Eq. (30) and Theorem 1, the system is FTGAS (FTGAAS) in
the interval Jt ¤ if it is frozen time closed-loopstable (asymptotically
stable), and in this interval

¿ ¸ ¡
N 0Re[G. j!/=j!] C ®jH . j!/j2

1 C ®N 0 Re[G. j!/=j!]
1D ¡ f®.!/; 8! 2 Ä®

(31)
The lower bound on the time to go is, thus,

¿® D min
! 2 Ä®

f® .!/ (32)

The expression presented in Eq. (32) expands the results obtained
in Ref. 5. From an engineeringpoint of view, it providesan estimate
to the divergence time of the system states for given � ight time and
system parameters.

Lemma 2 will be also used for the proof of the following propo-
sition.

Proposition: Here f®2 .!/ ¸ f®1 .!/ 8®2 ¸ ®1 , 8! 2 Ä®12 D Ä®1

\ Ä®2 .
Proof: Let Á. j!/

1D N 0G. j!/=j!. We need to show that

Re[Á. j!/] C ®1jÁ. j!/ C 2 j=!j2

1 C ®1Re[Á. j!/]

· Re[Á. j!/] C ®2jÁ. j!/ C 2 j=!j2

1 C ®2Re[Á. j!/]

8®1 · ®2; ! 2 Ä®12

By Lemma 2, 1 C ®i Re[H . j!/] D 1 C ®i Re[ f . j!/] > 0 8! 2 Ä®i ;
therefore, the preceding expression can be written as

®1fjÁ. j!/ C 2 j=!j2 ¡ Re2[Á. j!/]g

· ®2fjÁ. j!/ C 2 j=!j2 ¡ Re2[Á. j!/]g

8®1 · ®2; 8! 2 Ä®12

which is always satis� ed.
From the preceding proposition it turns out that for longer � ight

times, the time-to-go lower bound becomes more conservative, as
will be shown in the next corollary:

Corollary 1: Here ¿®2 · ¿®1 for all ®2 ¸ ®1.
Proof: Because f®2 .!/ ¸ f®1 .!/ 8®2 ¸ ®1; ! 2 Ä®12 , then

min
! 2 Ä®12

f®1 .!/ · min
! 2 Ä®12

f®2 .!/; 8®2 ¸ ®1

And, therefore,

¿®2 D ¡ min
! 2 Ä®12

f®2 .!/ · ¡ min
! 2 Ä®12

f®1 .!/ D ¿®1 ; 8®2 ¸ ®1

From Corollary 1 we conclude that the longer the � ight time t f D
1=® is, the more conservative becomes the bound ¿® . This result
should not be surprising, because as � ight times increase, the non-
linearity sectors in the formulation of the circle criterion become
larger. Notice also that for small � ight times the loop gain becomes
large, and conditions 1a and 2a of Theorem 1 may be violated.

When t f is large, ® is small. We will consider here the lim-
iting case ® ! 0, which simpli� es the mathematical treatment
substantially.5 Also, because0 · 1=¿ 8t f , one might choose ® ! 0
when t f is unknown. Letting ® ! 0, Theorem 1 conditions 1b and
2b can be approximated by the inequality

Re[p.¡ j!/ ¢ p. j!/ C ¯p.¡ j!/ ¢ q. j!/] ¸ 0; 8! 6D 0 (33)

Expression (33) can be written as

Re jp. j!/j2 1 C ¯
q. j!/

p. j!/

D jp. j!/j2Re 1 C ¯
q. j!/

p. j!/
¸ 0; 8! 6D 0 (34)

which reduces to

Re[H . j!/] ¸ ¡.1=¯/; 8! 6D 0 (35)

Because by Eq. (18) H . j!/ D [N 0G. j!/= j!] ¡ .2= j!/, and by
Eq. (19) 1=¯ · ¿ , Eq. (35) can be written as

¿ ¸ ¡N 0 ¢ Re
G. j!/

j!
1D ¡ f0.!/; 8! 6D 0 (36)

The expressionin Eq. (36) is identicalto thatobtainedin Ref. 5. It im-
plies that for any � ight time the PNG system is FTGAS (FTGAAS),
in the sense of Theorem 1, as long as the system is closed-loop
frozen time stable (asymptotically stable) and the time to go is not
shorter than

¿0 D ¡min
! 6D 0

f0.!/ (37)

Note that f0.!/ D f® ! 0.!/.
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It is emphasized that the FTGAS (FTGAAS) analysis holds also
when any input, such as target maneuver, is employed in the PNG
system. This is in accordance with the stated Remark.

V. Illustrative Examples
Example 1: Consider a missile whose dynamics are modeled by

the product of � rst-order systems, i.e.,

G.s/ D
n

i D 1

1
¿i s C 1

It can be shown (see Appendix B) that for such systems the bound
¿0 is given by

Fig. 4 Plots of f®(!) and f0(!) for N 0 = 4, ¿1 = 0.3 s, ³ = 0.5, and !n = 10 rad/s.

Fig. 5 Plots of Å¿® and Å¿fr as functions of � ight time for N 0 = 4, ¿1 = 0.3 s, ³ = 0.5, and !n = 10 rad/s.

¿0 D N 0
n

i D 1

¿i (38)

For illustration,consider a PNG system with a single time constant,
i.e., G.s/ D 1=.¿1s C 1/. The closed-loopcharacteristicequation is

¿1¿ ŖP C .¿ ¡ 2¿1/Ŗ C .N 0 ¡ 2/P̧ D 0 (39)

By Eq. (39), the frozen time stability is guaranteed for

¿ > 2 ¢ ¿1; N 0 > 2 (40)

Assuming large � ight time, the bound Eq. (38) gives

¿ > N 0¿1 (41)
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Fig. 6 Plots of Å¿® and Å¿0 as functions of � ight time with ¿1 as the parameter and N 0 = 4, ³ = 0.5, and !n = 10 rad/s.

Fig. 7 Time histories of Å¾ = ¾/¾0 and Ç Å̧ = Ç̧ / Ç̧ 0 for N 0 = 4, ¿1 = 0.3 s, ³ = 0.5, !n = 10 rad/s, and tf = 5 s.

Thus, because it is required that N 0 > 2, the FTGAS of the system
is determined by Eq. (41). Consequently, the frozen time stability
condition (40) provides the least conservative requirement. Note
also that to obtain the best system performance from stability con-
siderations it is advisable to choose the smallest N 0 above 2.

Example 2: To further illustrate the results obtained, consider a
missile whose tracking system is modeled by a single time constant
¿1 and whose � ight control system is modeled by a second-order
transfer function with damping ³ and natural frequency !n . The
missile overall transfer function is, therefore, given by

G.s/ D
aM .s/

P̧ .s/
D 1

.¿1s C 1/ ¢ s2 !2
n C 2³ s=!n C 1

(42)

Assuming N 0 D 4, ¿1 D 0:3 s, ³ D 0:5, and !n D 10 rad/s, Fig. 4
shows plots of f0.!/ and of f®.!/ for t f D 3; 8, and 20 s. It can be
seen that for the system parameters just given, the bound ¿® (which
is the negative of the minimum value of the plots) is sensitive to
� ight time. In the case examined, we have ¿® D 1:14 s for � ight
time of 3 s and ¿0 D 1:6 s for a very large � ight time, a difference
of 40%.

Next, recall that in addition to the suf� cient condition (32) for
the system’s FTGAS (FTGAAS) the closed loop is required to be
frozen time stable (asymptotically stable).

The time to go where this is no longer true is ¿ f r . The normal-
ized quantity is ¿ f r =t f and is N¿ f r . Many popular linear design tech-
niques utilized to obtain desirable system end-game performance
are based on frozen time, classical methods. Thus, it is interesting
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Fig. 8 Close-up of Fig. 7 to show the bounds¿fr , ¿® , and ¿0 .

Fig. 9 Bound ¿® vs ³ for tf = 5 s, N 0 = 4, ¿1 = 0.3 s, and !n = 10 rad/s.

to investigate the relationshipbetween the two suf� cient conditions
of Theorem 1. In Fig. 5 we show N¿® D ¿®=t f and N¿ f r as functions
of � ight time for the system parameters given earlier. Note that al-
though the bound ¿® is an increasing function of the � ight time, the
normalizedbound N¿® decreaseswith � ight time, as physicalintuition
dictates.Figure 5 also shows that for the describedsystem the bound
generated by Eq. (32) is more conservative than the requirement on
the system closed-loop frozen time stability (asymptotic stability);
i.e., the system’s frozen time stability(asymptoticstability) does not
guarantee FTGAS (FTGAAS) in the sense of Theorem 1, because
assertions 1b and 2b of Theorem 1 do not hold.

Let now N¿0 D ¿0=t f be the normalized quantity of the bound
(37). In Fig. 6, we investigate the difference between the bounds
N¿® and N¿0 as functions of the � ight time with ¿1 as the parameter.
The purposeof this is to establishthe differencesbetween the former

boundobtained in Ref. 5 and the new boundderivedin Eq. (32). The
bound N¿0 is calculated as follows: First we calculate ¿0 according to
Eq. (37); then we normalize it by the actual � ight times. The � gure
raises two consequences: 1) For systems with large time constants
operating over small time intervals, the result obtained assuming
large � ight time (the bound N¿0 ) is quite conservative.2) It is apparent
that N¿® · N¿0 , which agrees with Corollary 1.

To illustrate the tightness of the various bounds presented, the
time histories of the normalized quantities N¾ D ¾=¾0 and PŅ D P̧ =P̧

0

for � ight time of 5 s and the parameters chosen earlier are shown in
Fig. 7. In Fig. 7 we compare simulations of both the nonlinear and
the linearized models as presented in Sec. I. It is apparent that both
the linear and the nonlinear models are very close to each other. In
particular, they exhibit a similar divergencebehavior at the vicinity
of the interception phase.
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In Fig. 8 a close-upof Fig. 7 was made. The bounds¿ f r , ¿® , and ¿0

are marked. From Fig. 8 it is clear that the bound ¿ f r , calculated ac-
cordingto frozen time closed-loopstability,is not reliableenough;in
fact, it predicts a divergence time deep inside the divergencephase.
Figure 8 also shows that the bound ¿® gives a reasonable estimate
to the divergence time, whereas the bound ¿0 is more conservative.
Note that because the lateral acceleration lags the LOS rate, the di-
vergence of the LOS rate occurs earlier than the divergence of the
lateral acceleration.

Example 3: We shall conclude this section with an example that
outlines a possible design procedure employing � nite time stability
methods. Consider system (42) with t f D 3 s, N 0 D 4, ¿1 D 0:3 s,
!n D 10 rad/s, and P̧

0 D 0:5 deg/s. Assume also that the target
performs a constant 5-g escape maneuver (recall that according to
the Remark, the FTGAAS analysis holds also in the bounded-input
bounded-outputsense).

It is desired to choose ³ such that divergence is postponed as
much as possible. This problem may be solved either analytically,
by � nding ¿®min D min³ ¿® .³ /, or graphically, by drawing ¿® vs ³ .
We chose the latter method. Thus, in Fig. 9 we show ¿® vs ³ for the
system parameters mentioned. It is seen that ³ ¼ 0:05 gives ¿® ¼
0:89, which is the minimum value. Consequently,it is expected that
choosing³ ¼ 0; 05 will yield a superior stabilityperformance.This
conjecturewas tested by simulation. In Fig. 10 we shown PŅ D P̧ =P̧

0

vs time for ³ D 0:02, 0.05, and 0.7. Note that ³ D 0:05 corresponds
to the systemwith the longest time of stability.It shouldbe remarked
that this value of ³ is smaller than the values usually assumed to be
required when � ight control system design is performed by other
methods.

The value of ³ that was chosen in the precedingparagraph, based
onFTGAAS analysis,alsoyieldsa smallermiss distance.We remind
the reader that the miss distance is de� ned as

y f
1D lim

t ¡ t f
[VC ¢ .t f ¡ t/ ¢ ¸.t/] (43)

Table 1 Miss distance for various
damping coef� cients

Miss distance y f , m Damping coef� cient ³

¡0.17 0.02
¡0.14 0.05
¡1.7 0.7

Fig. 10 Time history of Ç Å̧ = Ç̧ / Ç̧ 0 for a 5-g target maneuver with tf = 3 s, N 0 = 4, ¿1 = 0.3 s, !n = 10 rad/s, Ç̧
0 = 0.5 deg/s, and ³ = 0.02, 0.05, and 0.7.

For a 5-g target maneuver, we obtain the miss values given in
Table 1. Note that ³ D 0:05 gives the smaller miss distance. Thus,
by choosing the damping coef� cient that exhibits the best stabil-
ity behavior, a smaller miss distance is obtained. Consequently, the
FTGAAS analysis also may be utilized for miss distance minimiza-
tion.

VI. Concluding Remarks
A linearizedmodel of a PNG system includinga missile dynamic

of arbitrary order was presented.The theory of global absolute sta-
bility was utilizedto de� ne the FTGAS of a PNG system. The circle
criterionwas applied to establisha lowerboundon the system’s time
to go before divergence. The bound is less conservative than the
bound established in a previous work. Some illustrative examples
were presented, showing the effect of a system’s parameters and
� ight time on the calculated bound. The analytical expression for
the bound provides guidelines for system design, such as choosing
autopilot parameters for miss-distance minimization.

Appendix A: Proof of Lemma 1
To prove Lemma 1, we shall introduce the following lemma.
Lemma: Given two polynomialsa.z/ and b.z/ with deg a.z/ D n

and deg b.z/ D m; m < n, and four constants c1 , c2, c3 , and c4

with c1c4 ¡ c2c3 6D 0, then the polynomials c1a.z/ C c2b.z/ and
c3a.z/ C c4b.z/ are coprime.

Proof: Because a.z/ and b.z/ are coprime, there exist unique
polynomials Ox.z/ and Oy.z/ with deg Ox.z/ < m and deg Oy.z/ < n
such that the Bezout identity

Ox.z/a.z/ C Oy.z/b.z/ D 1 (A1)

is satis� ed. Now, choose polynomials

v.z/ D
c4 Ox.z/ ¡ c3 Oy.z/

c1c4 ¡ c2c3
; w.z/ D

¡c2 Ox.z/ C c1 Oy.z/

c1c4 ¡ c2c3

It is easy to show that the Bezout identity

v.z/[c1a.z/ C c2b.z/] C w.z/[c3a.z/ C c4b.z/] D 1

is satis� ed. Thus, because deg [c1a.z/ C c2b.z/] D deg [c3a.z/ C
c4b.z/] D n and also deg v.z/ < n and deg w.z/ < n, the polyno-
mials c1a.z/ C c2b.z/ and c3a.z/ C c4b.z/ are coprime.
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Now, the proof of Lemma 1 is as follows. Consider � rst the poly-
nomials sq.s/ and p.s/, where

sq.s/ D N 0n.s/ ¡ 2d.s/; p.s/ D d.s/ (A2)

Because n.s/ and d.s/ are coprime, by the Appendix Lemma sq.s/
and p.s/ are also coprime. Now, because G.0/ D 1 and N 0 6D 2,
then N 0n.0/ ¡2d.0/ 6D 0 and, therefore,q.s/ and p.s/ are coprime.

Appendix B: Proof of Eq. (38)
Consider the transfer function

G.s/ D
n

i D 1

1

¿i s C 1

Recall from Eqs. (27) and (28) that

¿0 D ¡N 0 ¢ min
! 6D 0

Re
G. j!/

j!
(B1)

Now, using the identity

Re
G. j!/

j!
D 1

2

G. j!/

j!
¡

G.¡ j!/

j!
(B2)

andsubstitutingG. j!/ into Eq. (B2), we obtainafter some algebraic
manipulations

Re
G. j!/

j!
D ¡ 1

!

Im n
i D 1.¿i j! C 1/

n
i D 1 .¿i !/2 C 1

(B3)

Also,

Im
n

i D 1

.¿i j! C 1/ D
n

i D 1

.¿i !/2 C 1 ¢ sin !

n

k D 1

¿k (B4)

Substituting Eq. (B4) into Eq. (B3) yields

Re
G. j!/

j!
D ¡ 1

!

sin !
Xn

k D 1 ¿k

n
i D 1 .¿i !/2 C 1

(B5)

Note that

lim
! ! 0

Re
G. j!/

j!
D ¡

n

k D 1

¿k (B6)

and

1

!

sin !
Xn

k D 1 ¿k

n
i D 1 .¿i !/2 C 1

· 1

!
sin !

n

k D 1

¿k ·
n

k D 1

¿k

8! > 0 (B7)

Substituting Eq. (B7) into Eq. (B5) gives

Re
G. j!/

j!
¸ ¡

n

k D 1

¿k ; 8! > 0 (B8)

therefore, by Eq. (B6)

min
! 6D 0

Re
G. j!/

j!
D ¡

n

k D 1

¿k ; ¿0 D N 0
n

i D 1

¿i
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